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DYNAMICAL STRUCTURE FACTOR OF
FLUID Ar*
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Department of Physics, Panjab University, Chandigarh-160014, India.
and

S. RANGANATHAN

Department of Mathematics and Computer Science, Royal Military College of Canada,
Kingston, Ontario K7K 510, Canada.

{ Received 5 February 1990)

The continued fraction representation of the correlation function and a secant hyperbolic form of the
memory function have been used to calculate the dynamical structure factor S(q, ) of fluid Ar3¢ for the
densities ranging from n* = 0.668 to 0.763 and a temperature to 120 K. The parameters of the memory
function have been determined from the fourth and sixth frequency sum rules of S(q, w). The predicted
results for S(g, w) have been compared with recent neutron scattering data. A good agreement has been
achieved. Further, it is also found that the position of first minima of full width at half maxima of S(g, w)
shifts towards smaller wave number side with decrease in density while, the position of first maxima is
independent of density.

KEY WORDS: Dynamical structure factor, memory function, fluid Argon, Sum rules.

1 INTRODUCTION

Recently the dynamical structure factor of fluid argon has been measured! by neutron
scattering experiment for density ranging from n* (=n¢%) = 0.668 to 0.763 for
isotherm T* (=kyT/e) = 0.974. This provides information about the density de-
pendence of the dynamical structure factor, S(q, w). Physically it demonstrates the
importance of the correlated collisions on the dynamical structure factor of dense
fluids.

We have recently developed a phenomenological theory? which predicts the time
evolution of the correlation functions and transport coefficients. This theory has
provided very satisfactory results for the transport coefficients of Lennard—Jones (LJ)
fluids over wide ranges of densities and temperatures. The assumption of the theory
is a phenomenological secant hyperbolic form of the memory function whose
parameters are determined from the sum rules of the appropriate correlation
functions. We have also used? this theory to predict the dynamical structure factor
of liquid aluminium. The predicted results had been found to be in good agreement
with molecular dynamics data.
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In this paper we analyse the neutron scattering data! for fluid Ar*® using our
theory with the aim of checking the applicability of the model memory function for
LJ fluids. The inputs of the theory are fourth and sixth frequency sum rules which
have been calculated for LJ potential corresponding to fluid Ar*® using the static
pair correlation function, g(r) obtained from the theory of Sung and Chandler* and
the superposition approximation for the static triplet correlation function. The results
obtained for S(g, ) have been compared with neutron scattering data at two densities
along T* = 0.974 isotherm. The results are found to be in good agreement for wave
number g < 2.5 A7

In Section 2, we present the theoretical procedure for the calculation of S(g, w).
Results and discussion are given in Section 3. In Section 4, we present our conclusion.

2 THEORETICAL PROCEDURE

The Fourier-Laplace transform of the density-density correlation function in
Mori-Zwanzig formalism® can be written as

BS(q)

(b(q’ w)= — w + Ml(q,w)

(1)

where S(g) is the static structure factor and f = (kzT)™!. M,(g, w) is the Fourier-
Laplace transform of the first order relaxation kernel or memory function (MF),
M (g, t). The dynamical structure factor is given by

S(g, w) = (2/B)¢"(q, w) (2)
where ¢"(q, w) is the imaginary part of ¢(gq, w). Form Eq. (1) and (2) we find that

28(g)M (g, )
(@ + Mi(g, ) + (Mi(g, 0))*

S(q, w) = 3)

where M (g, w) and M(q, w) are the real and imaginary parts of the M,(q, w). It

follows from the projection operator technique used in deriving Eq. (1) that M,(q,w)

and higher order relaxation kernal follows the equation similar to Eq. (1), given by
d

u n=1223,..., (4)

Mg w)=—— <>
g, @) o+ M. (g )

where M (g, w) is the Fourier-Laplace transform of the nth order relaxation kernel
Mg, 1), 6, = M,(q,t = 0) and these are related® to the frequency sum rules of the
dynamical structure factor. Equation (4) provides a continued fraction representation
for the M,(g, w). In order to calculate M,(q, w) from Eq. (4) it is necessary to truncate
the hierarchy of Eq. (4) at some suitable stage. Higher order M(q, w) are more
complicated objects mathematically due to restricted time evolution of fluctuating
forces. Therefore, one normally restricts the discussion to first or second order. We
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truncate the hierarchy of Eq. (4) at first order and obtain

- - - o
AM%M=NM%M+MM%M=—w+ﬁMM) (3)
with
~ —(w + MIZ(CIs (,L)))é]
Mi(g, w) = = — 6
@O =y Wa o + (ia, o) ©
and
- 8, M(gq, w)
Mg, w) = — 172 7

(@ + Mg, @) + (M5(g, w))?

where M’ and M} are real and imaginary parts of M,(q, ). The relaxation kernel
M ,(q, t) is not known a priori. The relaxation kernel can be obtained microscopic-
ally using the mode-mode coupling scheme’. However, it is not yet clear how to
extend the theory for various thermodynamic states other than those investigated
near the triple point density. From the practical point of view the phenomenological
forms of the relaxation kernels have played an important role in interpreting the
neutron scattering data for the correlation function. In the past various phenom-
enolgical forms of the relaxation function have been used and results obtained have
been extensively reviewed by Boon and Yip®. In the present paper we use our recently
proposed model for the memory function namely

M,(q, t) = a sech(bt). (8)
It is noted that M,(g, t) is a solution of non-linear differential equation,

d>M (g, 1) 2bh?

e = PMLg D+ Mg, ) = 0. 9)

dt a

The compatability of our predicted results with MD data/neutron scattering experi-
ments would demonstrate the effect of non-linearity of atomic motions in fluids. It
can also be noted that the memory function given by Eq. (8) tends to a Gaussian
and a simple exponential for the short and long times, respectively.

The parameters ‘a’ and ‘b’ in Eq. (8) are determined from the short time properties
of the memory function which are exactly known. For the present case we have

a=208,=wlq) — d,; 8, = q*kg TImS(q) (10)
b? =3, = (Q}q) — wl(@)/d, (11)

In Egs (10) and (11) w}{q) and Q;(q) are second and fourth frequency sum rules of
longitudinal current-current correlation function. Defining

A

M,(q, w) = Mg, w) + iM(qg, w) =i f e'“'M,(q, t), (12)

0
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~ na nw ia b+ iw b—iw
Mg, w) = % tanh(E) + % [¢< TS ) - 111( T )], (13a)

- na w
Mg, w) = % sech<5> (13b)

with

where ty(x) is Euler ‘Psi’ function defined as y/(x) = d/dx(In I'(x) and I'(x) is gamma
function. The dynamical structure factor S(g, ) can be calculated using Eqgs. (13), (6),
(7) and (3).

3 RESULTS AND DISCUSSION

In order to calculate S(q, w), we require the inputs §, and J,. The calculation of 3,
involves only the pair correlation g(r) and the first two derivatives of the interatomic
potential, whereas &, involves upto third order derivatives of potential, g(r) and static
triplet correlation function g,(r, r'). Although the simplified expressions for 6, and 4,
has been published by Bansal and Pathak® but it is felt that some intermediate steps
in the derivation of Qf(q) is desirable. Therefore, we present in an appendix a few
intermediate steps involved in the angular integration of triplet contribution to Qf(q).
The w}(q) and Q}(q) are calculated using the Lennard-Jones potential for fluid Argon
and g(r) obtained from the optimised cluster theory of Sung and Chandler®. It may
be mentioned that this g(r) has been found!? to be in good agreement with MD data.
For the triplet correlation function, we use the superposition approximation. The
numerical results for the frequency sum rules are obtained using Gauss-quadrature
method of integration. The numerical values thus obtained for frequency sum
rules and experimental S(g) are used to calculate 4, and J, from Eqs (10) and (11).
These are plotted in Figure 1 for Ar3® fluid at T* = 0.974 (120 K) and n* = 0.668
and 0.763 for wave numbers g < 6.0 A~ L.

Using the above inputs, we have calculated S(q, w) for fluid Ar3¢ at densities
n* = 0.668 and 0.763 for different wave numbers. These are plotted in Figures (2)
and (3) respectively. Theoretical S(g, w) shown by full line are compared with neutron
scattering data represented by solid circles. From Figures (2) and (3) it can easily be
seen that very good agreement has been achieved between our results and experi-
mental data for wave number g < 2.5 A~1. The full width at half maxima (FWHM)
and S(g, w = 0) are plotted in Figures (4a) and (4b), respectively for both the densities.
Here dots and crosses are the available experimental results for n* = 0.668 and
0.763, respectively. It is found that the positions of maxima and minima of FWHM
are predicted well and results are in good agreement for 08 A~! < g <25 AL
From Figure (4a) we note that the position of first maxima of FWHM (around where
static structure factor shows first maxima) remain same, when the density is changed
from 0.668 to 0.763. But the position of first minima shifts toward larger wave number
with increase in density. Figure (4b) shows an overall good agreement for S(g, 0) with
experimental data for all the wavenumber. From Figure (4b) it can be seen that the
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Figure 1 Variation of §, and 6, (parameters of the memory function) with wave number g at T* = 0.974
for density, (i) n* = 0.668 (ii) 0.763.

position of maxima in S(g, 0) shifts towards smaller wave number side as the density
decreases.

In order to see the difference in dynamical structure factor of liquid aluminium
calculated in our earlier work and Lennard-Jones fluids, we have plotted the second
stage memory function M’(q, w) and M’(q, w) in Figure (5) for some values of g.
From Figure (5) it can be seen that M’(g, w) and M’(q, w) are decreasing function
of w. On the other hand, from our earlier work on liquid Al we found that for small
g, M'’5(q, w) start from zero and decreases to attain its lowest value, then increases.
As g increases the minimum flattens and finally disappears for large g. For large
wave numbers both M’, and M’ were decreasing function of w as found in present
case. The difference in behaviour of Mj(q, w) and hence of M,(q, w) is responsible
for the appearance and collective excitation peaks in the dynamical structure factor
of liquid aluminium. In an alternative way the different behaviour of S(q, w) for
liquid Al and 3®Ar can be understood by examining the behaviour of M’(g, w) which
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Figure 2 The variation of the dynamical structure factor S(q, w) for Argon fluid with @ at T* = 0.974
and n* = 0.668 for different values of g (given in each part). Dots represent neutron scattering data and
continuous lines represent our results.
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Figure 3 Same as Figure 2 but at n* =
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Figure 4 Variation of FWHM of S(g, w) and S(g, 0)/S(q) with g. Dots and crosses represent neutron
scattering data at n* = 0.668 and 0.763, respectively.
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Figure § Variation of real part M’(q, w) and imaginary part M(q, ) of the memory function with w.
The scale for  for M/, runs from right to left and that for M’ in the reverse direction (shown by the doubled
scale).

appears explicitly in the expression of S(g, ®). For small @ the expansion of M(q, w)
and M’(q, w) are given as

aw © nw\? na
g, w) = b |:7T2 - kgo(% + k)z] - <E> b (14a)

My )_na 1_1 nw2+5 o\t (14b)
T 2\2n) T 24\ 2 ‘

and
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Figure 6 Same as Figure 1 but for liquid aluminium at its triple point.
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Using above expansions in Eq. (7), one gets for the low frequency behaviour of
M (g, w) given as

Mg o) = o2\ 145 (1= of* 4y 16 15
L) =6, = -5 +1-
114 "\ na 8h2 n%a n? (13)

on the other hand,

Mygo) =225 1 16
2(q, 2b 2h ;0 © Z + k)z ( a)
— ab
4b w
and
a Tw
Mi(q, ) = 2be><p< 2b>, (16b)

for large w. These when substituted in Eq. (7), we get
. na exp( — nw/2b)
Mi(g, ) = 8, ' o (17)
It can be seen from Eqs (15) and (17) that Mj(g, w) will have a maximum for
b%ja(= 8,/6,) < 3.277. We have plotted , and J; of liquid aluminium in Figure 6
for the comparison with results of argon shown in Figure 1. It is clearly seen from
Figure (6) and Figure (1) that this ratio (d5/0,) is close to 1.25 for liquid aluminium
and is about 2.25 for fluid Ar for small g, where collective behaviour is dominated.
This leads to the more pronounced peak in M(q, w) for liquid aluminium than that
in fluid Ar. This and the present results for fluid Ar and our earlier results® for liquid
aluminium of S(g, w) suggest that collective peak in S(g, w) appears when there exist
strong peak in M(g, ) which depends on the ratio §,/6,. The difference in value if
d3/0, for liquid Al and Ar implies that Al is more harmonic like whereas Ar is more
anharmonic system. This ratio is roughly related to Griineisen parameter used in
the discussion of anharmonicity in solids.

4 CONCLUSION

In this paper we have calculated S(g, ) of fluid Ar®® using secant hyperbolic form of
the memory function appearing in the Mori-Zwanzig formalism. The results are
compared with neutron scattering data and are found to be in good agreement for
wave number ¢ < 2.5 A~ !. From the good agreement obtained here as well as from
our earlier work? on the dynamical structure factor of liquid aluminium, we find that
secant hyperbolic form of the memory function provides a good representation for
small and intermediate wave number.
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APPENDIX

Expression for Qf:
The expression for the fourth frequency sum rule of longitudinal current current
correlation function has been obtained to be

kgT\* nkgT
: ) e jdrlg(rl)[quum

Ql(g) = 154“(

m

+ 6¢° sin(gx,)U s + 2k 7)™ }(1 — cos(gx,)U3,,]
n2

+ m? J‘f drydr,gs(r, r,)[{1 — 2 cos(gx,)}

+ COS(‘](X1 - xz))]lea U2xa (Al)

In above equation g(r,) and g,(r,, r,) are static pair and triplet correlation function
and the wave vector q is assumed to be along x-axis. We have used the notation

02U 03U
(ry) and Ulaﬂy — (ry)

Uig = (A.2)

0ry,0r,5 Or1,0r 401,

The subscript 2 and U represent that the argument of interaction potential U(r,) is
changed to r,. Using the relations for the derivatives of the central potential, namely

Uiep = AiT1a715 + B1dy (A.3)
and
Uiagy = Cit1ar1g71, T Af(r1,0p, + 1140, + T'1y04p) (A.4)
where
1 dU(r 1 dB 1 04
B, =— (1),A1=——1 and C,=——' (A.5)
ry dr, ry dry ry ory

it is straight forward to carry out the angular integration of the pair contribution
terms in Eq. (A.1). The result is

dankg T [©
3m?

+ 184(3j, Ayry + (jy — 2J,)Cyr3 + 2(kg T) " '(3B3(1 — jo) + A,ri(4,r} + 3B))

X (1 = 3jo + 6J,))] (A.6)

Q= dr,rig(r,)[15¢*(4,r? + 3B,)

0
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In Eq. (A.6) jo,j;,j, are spherical Bessel functions of zeroth, first and second order;
their arguments gr is suppressed for convenience. Also J, = j,/gqr and J, = j,/qr.

The angular integration of the triplet contribution term given in the curly bracket
of Eq. (A.1) is straight forward. This can be done by expanding g;(r, r,) which is a
function of r,, r, and f i.e. the cosine of the angle between r, and r,, in terms of
spherical harmonics Y,,(0, ¢) in the following way,

i 1 4 ,
gs(ry, 1) = Z Z m gri, 1) Y50, ¢2)Y,(0,, ¢)) (A7)

I1=0 m=-1

where (6,, ¢;) and (8,, ¢,) are the polar angles of r, and r,, respectively. The
coefficient g'(r,, r,) can be obtained from the relation

20+ 1

glri, ry) = J dBP(B)gs(ry, r,) (A.8)
where P/(f) is Legendre polynomial of order /.

The angular integration of the last term in Eq. (A.1) is quite tricky. For this term
it is of no use to expand g,(r,.r,) using Eq. (A.7) as cos(q(x; — x,)) involves the angles
between q and both r; and r,. However it is possible to get rid of this difficulty with
the help of symmetric properties of the derivaties of central potential as described
below:

Using
oU(ry) _ aU(ry;) _ oU(ry) _ oU(ry) © OF ja Or jup (A9)
Or0rjy  0r;,0rjg Ory Oy OrjpgOF jup OFjy 6rJ '
and the defination of g5(r,, r;) i.e.
n g3(r1’ r,) Z Ory = + j)é(rz -rnt+ rj)>' (A.10)
i£jtk
We rewrite the last term in Eq. (A.1) in an equivalent form
SrU(r,) 02U(r,)
T = cos(gx;,) ! "L> (A.11)
,#,Z-#,‘ < , Or g 01y O, 01},

Making an interchanging of the atom i and j and using the property (A.9), Eq. (A.11)
can be written in an alternative form

T =n? fj gs(ry, rr)drydr; cos(gx U, Usy, (A.12)

with riy =|ry — | = (r; — 1) — (r; — 1))l.

The subscript 12 on U in Eq. (A.12) and in what follows represents that the
argument of potential U(r,) is changed to r,,. We have thus transferred the angle of
r, and r, from cos(gq(x, — x,)) to the derivative of the potential. Now we define a
new function

F(B) = gs(ry, 1)U 124, (A13)
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which is a function of § and can easily be expanded in terms of spherical harmonics.
Using the expansion procedure and after a lengthy algebra, the result obtained for
the triplet contribution is given by

4 8n’n’ 2,2 ! 2.2 02
Qs = Im? drdryrir; dBgs(ry, ro)[(A;A,rirz B
-1
0

+ 2A4,B,r} + 3B B,) — 6{0,(B*4,A,rir3 + A,B,r3)
+ (0287 + J,)B Ayr3 + joB By} + 3{B, 4241271
X (0,B1r1 — (0,8% + J)/ris+ A, Byriy0,r,
X (ry = 2Bry) + (0,57 + J)rd)iri, + (0,87 + Jy)
X A,B;R% + j,B,By,}], (A.14)
where
0,=j,—-2J,;0,=0,—-J,

The variables 8, and $, are respectively, the cosine of the angles between the vectors
r, and r;, and r, and r,,. We would like to mention that arguments leading to
simplification of triplet contribution are different than the first given by Bansal and
Pathak!’. However, our result agrees with their result.
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